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Director’s Message

During the current age of international competition in
ﬁ Science and Technology, the Indian participation through
A skilled technical professionals have been challenging to the

world. Constant efforts and desire to achieve top positions
) are still required.

%\

B. Singh (Ex. IES) | feel every candidate has ability to succeed but
competitive environment and quality guidance is required
to achieve high level goals. At MADE EASY, we help you to discover your hidden
talent and success quotient to achieve your ultimate goals. In my opinion GATE
& PSU’s exams are tool to enter in to main stream of Nation serving. The real
application of knowledge and talent starts, after you enter in to the working
system. Here in MADE EASY you are also trained to become winner in your life
and achieve job satisfaction.

MADE EASY alumni have shared their winning stories of success and expressed
their gratitude towards quality guidance of MADE EASY. Our students have not
only secured All India First Ranks in ESE, GATE and PSU entrance examinations
but also secured top positions in their career profiles. Now, | invite you to
become alumni of MADE EASY to explore and achieve ultimate goal of your life.
| promise to provide you quality guidance with competitive environment which
is far advanced and ahead than the reach of other institutions. You will get the
guidance, support and inspiration that you need to reach the peak of your career.

| have true desire to serve Society and Nation by way of making easy path of
the education for the people of India.

After a long experience of teaching in Computer Science & IT over the period of
time MADE EASY team realised that there is a need of good Handbook which
can provide the crux of Computer Science & IT in a concise form to the student
to brush up the formulae and important concepts required for GATE and other
competitive examinations. This handbook contains all the formulae and important
theoretical aspects of Computer Science & IT. It provides much needed revision
aid and study guidance before examinations.

B. Singh (Ex. IES)
CMD, MADE EASY Group
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Mathematical Logic

INTRODUCTION

e Proposition: Itis a declarative statement either TRUE or FALSE.
Compound Proposition: It is a proposition formed using the logical
operators (Negation (—), Conjunction (A), Disjunction (v), etc.) with the
existing propositions.

e Logical Operators:

) Negationof p: —p or p or~p

if) Conjunctionof pand g: pA g

iii) Disjunctionof pand g: pv q

iv) Implication/Conditional : p — g (if p, then @)

(v) Bi-conditional : p< g
e Precedence order of logical operators from high to low: —, A, v, =, <>
N Ot .

e Converseofp—qis:qg—p

(i
(
(
(

e |nverseofp—qis:—p——q

e Contrapositiveof p—qis:—g——p

Tautology
If compound proposition is always true then it is tautology.

Example: pv—p
Contradiction
If Compound proposition is always false then it is contradiction.
Example: p ~—p
Contingency
Neither tautology nor contradiction.
Example: p
Logical Equivalence

P& Qs tautology iff Pand Q are logically equivalent.
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Functionally Complete

If any formula can be written as an equivalent formula containing only
{—, v, A, =, <>} connectives then such set of operators called as functionally
complete.

Example:
{=, v}, {=, AL, {—, v, A} are functionally complete.
Consistent

If H,AH,AHyA....AH istruethen H,, H,, ....and H, are consistent.

Inconsistent

If H,, H,, .... and H_are not consistent then they are inconsistent.

Equivalences
Pv(PAQ) =P
P>Q=-PvQ=—Q—>-P
PA(PvQ) =P

P>Q=P—->QAA(Q—P)
P Q=(PAQ)v(=PA=Q)
PeQ=—-P—=Q
P-(Q—R=PAQ—R
(P~ Q) =P (~Q)=(~P) = Q
P>QA(P>R) =P—(QAR)
P>RA(Q—>R =(PvQ—>R
P->Qv((P>R =P>(QVA)
P->Rv(Q—>R =(PArQ —R
PvQ=-P->Q
PAQ=—(P->-Q)
(P> Q) = (PA=Q)
Identity Laws : (i) PA T=F, (i) PvF=P
Domination Laws : (i) Pv T=1T, (i) PAF=F
Idempotent Laws : (i) PAP=F, (i) PvP=P
Commutative Laws :
() PvQ=QvP
(i) PAQ=QAP

=D D =

(
(
(
(
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Associative Laws :
Distributive Laws :
Demorgan’s Laws : .
Absorption Laws :

Negation Laws :
@ Pv—=P=T
(i) PA=P=F
Double Negation Laws : —(=P) =P

RULES OF INFERENCE (TAUTOLOGICAL IMPLICATIONS)
Simplification :

(PAQ) =P
(PAQ) = Q
Addition :
P= (PvQ)
Q= (PvQ)
Disjunctive Syllogism : (~P,PvQ) = Q
Modus Ponens : (PP-Q = Q
Modus Tollens : (~QP—>Q) = ~P
Hypothetical Syllogism : (P->Q Q—R = (P—AR)
Dilemma : (PvQ P->R Q>R =R
Constructive Dilemma : (PvQ, P—- R Q—> S =Rv S
Conjunctive Syllogism : (~(PAQ), P) = ~Q
Other rules :
~P= (P— Q)
Q=(P—Q)
~P->Q=PFP

~(P—> Q)= ~Q
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Principle Conjunctive Normal Form (PCNF)
Product of sums (max term)

PCNF: [P(x,) v P(x,)] A [Px;) v Alx,)]
Principle Disjunctive Normal Form (PDNF)

Sums of products (min term)
PDNF: [P(x,) A Plx,)] v [Pxg) A Flx,)]

Number of non equivalent propositional functions with n-propositional

variables are = 22n.

PREDICATE LOGIC

Quantifiers

e Universal (V) : “for all” or “for every”
e Existential (3) : “there exist”

Predicates
e Px): Propositional statement with one variable.
e Qx, y): Propositional statement with two variables.

Logical Equivalences

VxVy VyVx
Jdy Vx dx Vy
l P(x, y) l
Vx3y Vy3x
dy3dx dx3dy

o VxP(x) A3xQ(x) = Vx3y[P(x) A Q(y)]
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VxP(x)vaxQ(x) = Vx3y[P(x) v Q(y)]
Ax[P(x) = Q(x)] = Vx P(x) = 3x Q(x)]
Ax[P(x) = Q(x)] = IxP(x) = Vx Q(x)
Ax[P(x) v Q(x)] = FxP(x)v Ix Q(x)

Vx[P(x) AQ(x)] = Vx P(x) A Vx Q(x)



PROBABILITY

MEAN, MEDIAN AND MODE

I

n
in fx;
* '\/k%f:ln()_():":;7 =4 =A+2'§di:A+h.2’§Ui

N pN X

where A = mid value of class at maximum frequency

I
-

U - x—A
" h
d = x—-A
—+(g+1)
® |Median= 5 ; niseven
=——; nis odd
h(N
=L+—|=-C
cf(z P)
where L = lower limit of median class
N = Zf,
C,; = Cumulative (N/2) frequency of median class
C» = Cumulative frequency of preceding median class
Mode : Value of 'x' corresponding to maximum frequency.
L+ f 1 xh

(fn =)+ (f — )

where L = Lower limit of modal class
f_ = maximum frequency of modal class
f, = preceding frequency of modal class
f, = Following frequency of modal class
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Mode = 3 Median — 2 Mean [for Asymmetric distribution]
Mean = Mode = Median [for Symmetric distribution]

AXIOMS OF PROBABILITY
Let A and B be two events. Then

—

© o N o~ WD

—_
o

11.

12.

13.

14.

15.

16.

P(A) =1-AA)

P(9) = 0; ¢ is the empty set

HA-B) =HA) - AN B)

P(ANB) = P(A-B)

RAU B) = AA) + AB) - A(AN B)

P(AU B) = P(A) + P(B); mutually exclusive events.
P(AN B) = ¢; mutually exclusive events.

P(AN B) = A(A)-P(B); independent events.

A(S) = 1; Sis sample space.

FANAN .. 1Az 3 AA)-(0-

i=1

n

PAUAU....UA)< D AA)

i=1
P(ANB)

RB)

P(A| B) = P(A); independent events.
P(ENEN....NE)=RAE,)-RE,)....AE,), mutually independent
events.

PAlB) =

P(X|E,)- P(Ey)
E
AEIX = P(X|E})-P P(X|E5)- P(E5) + P(X|E) - P(E5)
P(X|E,)
RE|x = PXE)PE)
EPX\E
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RANDOM VARIABLE (STOCHASTIC VARIABLE)

Random variable assigns a real number to each possible outcome.

Let Xbe a discrete random variable, then

n
1. Fx) = AX<x)is called distribution function Y, P(i) of X.
i=0

n

2. Mean or Expectation of X = = £(X) = Ex,- P(x;)
i=1
n

3. Variance of X= ¢° = E(XQ)—[E(X)]2 =2 (% - M)zP(xi)
i=1

4, Standard deviation of X = ¢ = +/Variance

Types of Random Variables

1. Discrete Random Variable: “Finite set of values” or “Countably infinite”.
2. Continous Random Variable (Non-discrete): “Infinite number of

uncountable values”.

Discrete Distributions

1. Binomial Distribution: The probability that the even will happen exactly

rtimes in ntrials i.e. rsuccesses and n - rfailures will occur.
AX=r=Prn=x"Cpq"
Mean = E(x) = np
Variance (62) = W(x) = npg

S.D (o) =/npg

Where

Il
o
-
5

1-p
fixed number of trials

T 3 Q -
Il

probability of success
2. Poisson Distribution:
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Where X = Discrete random variable
A = Parameter of distribution (positive constant)

e Mean (u) = Variable (¢°) = A

e SD=\)

Poisson distribution is a limiting case of binomial distribution as n — e
and P— 0.

CONTINUOUS DISTRIBUTION
Let Xbe continous random variable. Then
(i) Density functions:

(ii) Mean = E(x)= Tx-f(x)-dx
(iii) Variance of X = V(X) = ].O[x—E(x)]Q -f(x)dx

(iv) ].Of(x)dx =1

1. Uniform Distribution (Rectangular Distribution)
(i) Density function:
1 .
b-a’
0 ; otherwise
(ii) Cumulative function:

as<x<b

flx)

fix) = P(X<x)= J{f(x)-dx
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0 ¢ ifx<a
AX<x) = [ fx)-dx= Z‘Z fa<x<b
- 1 ifx>b

(iii) Mean (W) = (a + b)/2 = E(X)
(iv) Variance (62) = (b - a)?/12

2. Exponential Distribution
(i) Density function:
fx) = L-e™ ;x>0
=0 ; Otherwise

(i) Mean (n) = %: S.D(o)

(i) Variance (62) = -z

3. Normal Distribution

1 x—p 2

ety fanction o A

i) Density function f(x) = e 2 9 _co<x<oo,6>0,c0< U< o
(i) y f(x) oTon u
(ii) Normal distribution is symmetrical

(iii) Mean = u; Variance = 62

(iv) fix) =0 forall x

N -u x-nP

) ff(X)-dx =1 and variate (2) = XTZ N

—oo

Area = 0.5 0.5 = Area
0 o
[P@)=05 [P@)=05
—o 0
1 z x—u
vi) (Z)= —e 2:—w<Z<wandZ=""X
0) AZ) = = =

Z = Standard normal variate
EEE



Set Theory & Algebra

SET

A setis an unordered collection of objects.
The objects in a set are called the elements, or members of the set.
e N be set of natural numbers : {1, 2, 3, ...}
e Zbesetofintegers:{.,-2,-1,0,1,2,.}
e Q be setof rational numbers
e R be setof real numbers
e (C be set of complex numbers
NcZcQcRcC

Types of Set

1.

Universal set U: A set which contains all objects under consideration
(the universal set varies depending on which objects are of interest)

2. Equal sets: Two sets are equal iff they have the same elements i.e., if
Aand Bare sets, then Aand B are equal iff ¥x (xe A <> xe B); denoted
by A=B.

3. Empty set or Null set: A special set that has no elements. Null set can
be denoted by ¢ or { }.

Example: The set of all positive integers that are greater than their
squares is the null set.

4. Singleton set: A set with one element is called a singleton set.

5. Subset: The set A is said to be a subset of B iff every element of A is
also an element of B. A ¢ Bindicates that A is a subset of the set B.

u
()
Venn Diagram Showing that A is a subset of B
N Ot .

e ForeverysetS:oc Sand Sc S

Comparable: If Ac Bor Bc Athen A and B are comparable.
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6. Proper subset: A set Ais a subset of the set B but that A= B, we write
A c B and say that A is a proper subset of Bi.e. Ais a proper subset
of Bif Vx (xe A— x€ B) A3x (xe BA xg A)

7. Finite set: A set in which number of elements are countable i.e.,
cardinality of set can be obtained.

8. Infinite set: A set is said to be infinite if it is not finite.
Example: The set of positive integer is infinite.

9. Power Set: The power set of a set Sis the set of all subsets of the set
S. The power set of Sis denoted by P(S).

Nt .
e |f aset has n-elements, then its power set has 2" elements.
e Example: Power set of the set {0, 1, 2} is

P({0, 1, 2}) = {6, {0}, {1}, {2}, {0, 1}, {0, 2}, {1, 2}, {0, 1, 2}}

Cartesian Product of Sets

Let A and B be sets. The cartesian product of A and B, denoted by
Ax B, is the set of all ordered pairs (a, b), where ae A and be B.

Hence, Ax B ={(a, b)|ac A A be B}

e If |Al=mand |Bl=nthen |AxB|=mn
e Ingeneral AxB=BxAbutiflAx Bl=|BxAlthen A= Bor
A=¢orB=9.

SET OPERATIONS

1. Union: The union of the sets Aand B, denoted by Au B, is the set that
contains those elements that are either in A orin B, or in both.

AuB={x|xe Avxe B}
Example: The union of the sets {1, 3, 5} and {1, 2, 3} is : {1, 2, 3, 5}
Remember: ...
o Max(|A] IB< lAUBI<(IAl+ [B))
e |AUBI=|Al+IBl- |AnBI

2. Intersection: The intersection of the sets A and B, denoted by An B,
is the set containing those elements in both A and B.

ANB={x|xce Arxe B}
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3. Disjoint: Two sets are called disjoint if their intersection is the empty set.
4. Difference: The difference of A and B, denoted by A — B, is the set

containing those elements that are in A but not in B.

The difference of A and B is also called the complement of B with

respect to A.

A-B={x|xe AnxeB)

Principle of Extension

Two sets A and B are equal iff they have same members (elements).

Principle of Abstraction

Given set ‘U’ and property ‘P’ there is set ‘A’ such that the elements of

set ‘A’ are exactly those members of U which have property P.

Inclusion Exclusion Principle

Y n(A)- 2 n(A; N A;)+

1<i<n

n(AjJUALU..UA) =

>

1<i< j<k<n

Properties of Sets

Let A, Band C are sets, U is universal set and ¢ is an empty set.

|dentity Name

2 iﬁii Identity Laws
2 2$:q? Domination Laws
2 i/,: : 2 ldempotent Laws
() = A Complementation Law
2 ;JS : E ;\Jﬁ Commutative Laws
A o ES :J\g) : 52 :J\g Associative Laws

E o C; : Eﬁ CS Eﬁ S 8 Distributive Laws
% : ; Sg De Morgans Laws
ﬁ ;\Jﬁﬁ C S; : ﬁ Absorption Laws
2 t\é z :,J Complement Laws

B MADE EASY
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MULTISET

A collection of objects in which an element can appear more than once
is called a multiset.

Example: {a, a, b, b, b, c, ¢, ¢, c, c, d ={2-a, 3-b, 4-c1-d}

Let A={ma,, m, a,, ... , m. a} where m.= multiplicity of a,

B={n,a, ny,a, ... , N a} where n.= multiplicity of a,
Then Au B=amultiset, in which multiplicity of &, is max {m,,n;}

AN B =amultiset, in which multiplicity of a, is min {m,n}

A+ B = amultiset, in which multiplicity of a; is (m,+ n)

A — B = a multiset, in which multiplicity of

i

_ mi—ni |f mi>ni
] 0 , otherwise

FUNCTIONS
Definition
Let Aand Bbe nonempty sets. A function ffrom Ato Bis an assignment

of exactly one element of B to each element of A.

We write f(a) = bif bis the unique element of Bassigned by the function
fto the element a of A. If fis a function from A to B, we write f: A— B.

Domain and Codomain

If fis a function from Ato B, we say that A is the domain of fand Bis the
codomain of f.

If {a) = b, we say that “bis the image of a” and “ais the preimage of b”.

The function fmaps Ato B.

e |fnumber of elements | Al = mand | B| = nthen number of functions
possible from Ato B = n".



22 AHandbook on Computer Science BH MADEEASY

e Afunction f: A— Ais called a function on the set A.
If | Al = nthen number of functions possible on A = n".

Types of Functions

1. One-to-one function (Injection): A function fis said to be one-to-one,

or injective, iff fla) = f{b) implies that a= b for all a and b in the domain

of f.

e |f Aand B are finite sets then a one-to-one from A to Bis possible
iff |[Al <[BI.

e If |Al = mand |B| = nthen (m < n) then number of one-to-one
function from Ato Bis P(n, m) = n(n—1)(n-2)..... (n—(m—1)).

e If |Al = | Bl = nthen number of one-to-one functions from Ato Bis
P(n,n)=nn-1)(n-2)....1=nl

2. Onto Function (Surjection): A function ffrom Ato Bis called onto, or

surjective, iff for every element be Bthere is an element ac Awith f{a) = b.

e |f Aand B are finite sets then an onto function from A to B is
possible only when | Bl < | Al.

e If|Al = | Bl then every one-to-one function from A— Bis onto and

vice-versa.
e If|Al = | Bl = nthen number of onto functions possible from Ato B
=n!

e If |Al=mand | B| = n(n< m) then number of onto functions from

A= B=n"-"Cyin=-0"+"Co(n-2)"...+ (-)""11C_,(17).

3. Bijection: A function which is one-to-one and onto is called a bijection.
If A, B are finite sets, then a bijection from Ato Bis possible only when
|Al=18l.

e If |Al = | B| then number of bijections = number of one-to-one =
number of onto possible from Ato B = n!

4. Inverse Function: Let f be a one-to-one correspondence from the set
Atothe set B. The inverse function of fis the function that assigns to an
element b belonging to B the unique element ain A such that f{a) = b.
The inverse function of fis denoted by 7'. Hence, f!(b) = a when
fla) = b. Inverse of function fexists iff fis a bijection.

5. Identity function: Identity function on A is denoted by I,. Inverse of
identity function is the function itself. Every identity function is bijection,

if la) = a, VaeA.
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6. Constant function: A function f: A — Bis said to be constant function

if {x) = ¢;Vxe A i.e., all the elements of domain are mapped to only
one element of codomain. Therefore the range of constant function
contains only one element.

Function Composition
Let fand g are two functions defined on set A:
(fog) . A— Adefined by (fog)x = (g(x))
(gof) : A— Adefined by (gof)x = g(f(x))
N Ot .
e Ingeneral (fog)x # (gof)x
e |letf:A>Bandg:B— Cthen(gof): A— C
but (fog) may not be defined
(fog) is defined if range of g(x) is a subset of A.
e [ff: A— Ais a bijection then
fof 1 = flof = I'where I'is identity function on A.
e |Iff: A— Bis abijection then fof ' = I, fof '=1, f1: B— A
e |ff:A— Bandg: B— Careinjective (one-one)then gof: A— C
is also injective.
e |Iff:A— Band g: B— Care surjective (onto) then gof: A— C
is also surjective.
e |ff:A— Band g: B— C are functions, and gof: A — C'is
injective then fis also injective.

e Iff:A—> Band g: B — Care functions, and gof: A — C'is
surjective then gis also surjective (onto)

RELATION
Definition

Let Aand B be two sets. Then a binary relation from Ato Bis a subset
of Ax B.

Relations on a Set

A relation on the set Ais a relation from Ax Ai.e., arelation on a set A
is a subset of Ax A.
e If|Al = mand | Bl = nthen number of relations possible on A = 2",

e If |Al =nnand |B| = nthen number of relations possible on A= o)
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Types of Relation

1. Inverse Relation: Let R be a relation from a set Ato B. The inverse of
R, denoted by R is the relation from Bto A which consists of those
ordered pairs, which when reversed belongs to Ri.e., R = {(b, a)]
(a, b)e R}

2. Complementary Relation: If R is a relation from A to B then R =
{(a b)l(a b)eg Rl =(AxB)-R.

3. Diagonal Relation: A relation Ron a set Ais called diagonal relation if
R={(a a)lacAl = A,

4. Reflexive Relation: A relation Ron a set Ais said to be reflexive if aRa
Vae A ie.(a a€R, VacA.

e If| Al = nthen number of reflexive relations possible on A = 21,

e Adiagonalrelation on a set Ais reflexive and superset of diagonal
relation is also reflexive.

e Smallest reflexive relation on A = A, (diagonal relation)
e | argestreflexive relationon A= Ax A.

5. Irreflexive Relation: A relation R on a set A is said to be irreflexive,
if afa ie., (a a¢R VacA.
e If |Al = n then number of irreflexive relations possible on A = 201,

e Smallestirreflexive relationon A = ¢
e Largestirreflexive relation on A= (Ax A) - A,

6. Symmetric Relation: A relation Ron a set A, is said to be symmetric if
aRbthen bRa, Vabe A.

e If |Al = nthen number of symmetric relations possible on A =

n2—n
on 2? _ 2n(n+1)/2 _
e Number of symmetric relations possible with diagonal pairs = 2".

e Number of symmetric relations possible with non-diagonal pairs
orP-n)/2.

e Smallest symmetric relation on A = ¢
e Largest symmetric relationon A= Ax A.

7. Antisymmetric Relation: A relation R on a set A is said to be
antisymmetric, if aRb and bRathen a= b, Vabe A.
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Smallest antisymmetric relation is ¢

Largest antisymmetric relation on A is not unique. Number of
elements in largest antisymmetric relation includes all diagonal pairs
and half of non-diagonal pairs.

i.e., n+ (n?—n)/2 elements.

Any subset of antisymmetric relation is also antisymmetric relation.
If A={1, 2,....,n} then number of antisymmetric relations possible
on A = 21 x 3172,

With n diagonal pairs, 2" choices.

n-1)

With H(T non-diagonal pairs. 3"~ 12 choices.

fRAR'CA,

8. Asymmetric Relation: A relation Ron a set A is called asymmetric, if
(b, a)g R, whenever (a, b)e R, Vabe A.

Relation Ris asymmetric iff it is both antisymmetric and irreflexive.
If A={1, 2, ....., n} then number of asymmetric relations = 3712,

N OO

Number of reflexive and symmetric relations with n-elements
— 2n(rH)/2.

Number of neither reflexive nor irreflexive relations = .2”2 —p. o=
¢ is not reflexive [empty relation]

9. Partial Ordering Relation: A relation Ron a set Ais partial ordered if R
is reflexive, antisymmetric and transitive.
Poset: A set Awith a partial ordered relation R defined on Ais called a
poset. Poset is partially ordered set.

Totally ordered set: A poset [A; R] is totally ordered set, if every pair
of elements in A are comparable i.e., either aRb or bRa vYa, be A.

A relation R on a set A is:
(iy Symmetric & R= R
(i) Antisymmetric & (RN R ') cA,
(iii) Reflexive < R is also reflexive
(

iv) Reflexive & RCor R is irreflexive
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(v) Antisymmetric, then (RN S) is also antisymmetric for any relation
Son A

e |f (RN S)c Rand every subset of Ris also antisymmetric.
e |f Ris relation on a set Athen Ru R is always symmetric.

e |f Rand Son set A are any two:
(i) Reflexive relations then (Ru S) and (RN S) are also reflexive.
(ii) Symmetric relations then (Ru S) and (RN S) are also symmetric
(iii) Antisymmetric relations the (RN S) is always antisymmetric
(iv) Transitive relations then (R S) is always transitive.
(v) Equivalence relations then (R S) is always equivalence relation.

Closures of Relations

1. Transitive Closure : Transitive closure of R = R* = smallest transitive
relation on set A which contains R.

Example: Let A={1,2,3}and R={(1, 2), (2, 3)}.
R=1{(1,2),(2,3), (1, 3)}

2. Reflexive Closure : Reflexive closure of R = R* = smallest reflexive
relation on set A which contains R=(RUA ).

Example:Let A={1,2,3}and R={(1, 2), (2, 3)}.
R*=1{(1,2),(2,3)(1,1),(2, 2), (3, 3)}

3. Symmetric Closure : Symmetric closure of R = /* = smallest symmetric
relation on set A which contains R = (Ru R™)

Example: Let A={1,2,3}and R={(1, 2), (2, 3)}.
R'=1{(1,2),(2,3),(2,1),(3,2)}

Partition of a Set

Let A be a set with ‘n’ elements dividing the set A into subsets
(AL A, A} is called partition of A, if every subset is a non-empty set

and (i) Vi AN Aj.: o; (i# ) (i) (AJU A, UAL.LLLUA) = A

Example: Let A= {1, 2, 3}. Then there are 5 partitions possible on A.
Py={{1,23}}, P, ={{1}, {2, 3}}, P;={{2}, {1, 3}}, P, ={{3}, {1, 2}},
and P, = {{1}, {2}, {3}}
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GROUPS

Closure [Binary Operation] (*)

Binary operator * is said to be a binary operation on a non-empty set A,
ifaxbe Aforalla, be A

Number of binary operations on set'G' = |G|‘G|X‘GI

Associativity

(axb)yxc=ax(bxc); VabceG
Identity

axe=exa=a, VaeGwhere'e' isidentity

Inverse
ax*b=bxa=e=a'=bandb'=2a
Commutative

a*b=b*a VabeG

Groupoid
An algebraic system (G, *) is groupoid if it is closed operation on G.

Semigroup
An algebraic system which is groupoid and associative.

Monoid

An algebraic system (G, *) which is semigroup and there is an identity
in G.
Group

An algebraic system (G, *) which is monoid and every element in G has
inverse.
Abelian Group

An algebraic system (G, *) which is a group and it is also commutative

ie,axb=b*a vabeG.
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Cyclic Group

Let G = <a> be a cyclic group G = {&'lie Z).

Let G be a group. We say that G is cyclic if it is generated by one

element.

Let G be a cyclic group, generated by a. Then

1. Gisabelian

2. If Gisinfinite, the elements of G are precisely
Lad a? al e a a, a,..

3. If Gisfinite, of order n, then the elements of G are precisely
e a &, .. an? an'andan=e.

4. Let Gbeagroup andlet ge Gbe an element of G. Then the order of
g is the smallest positive number k, such that ak = e.

5. Let Gbe afinite group and let ge G. Then the order of g divides the
order of G.

6. Let G be a group of prime order. Then G is cyclic.

Any group of even order contains an element of order two.

Let G be a cyclic group. Every subgroup of G is cyclic.

Let G be a finite cyclic group of order n, say G = <g>. For every

positive integer d|n there is exactly one subgroup of G of order d.
These are all the subgroups of G.

Subgroup

His a subgroup of G iff
(i) Hissubsetof G(Hc G)
(ii) Closure: abe Hfora, be H.
(iii) 1dentity: The identity element of G is contained in H.
(iv) Inverse: For allae Hwe have a'e H.
Let Gbe agroup and let H, i e I be a collection of subgroups of G. Then
the intersection
H=(H; . is a subgroup of G.
iel

If His a subgroup of a finite group G, then | H| divides | GI.

Coset

Left Coset: Let G be a group His subgroup of G. A right H-coset in G
is a set of the form aH : = {ah| he H}.
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Right Coset: Let G be a group H is subgroup of G. Aright H-cosetin G
is a set of the form Ha : = {hal he H}.

The number of distinct right cosets (equivalently left cosets) of G is
called the index of Hin G and is denoted [G : H].

A left coset of a subgroup H < Gis is a subset of G of the form gH =
(gh:he H).

Two left cosets are either equal or disjoint; gH= gH < g 'geH
Aright coset of Hin His a subset of the form Hg = (hg: he H). Two riht
cosets are either equal or disjoint; we have Hg = Hy < g 'g € H.

A coset is a left or right coset. Any element of a coset is called a
representative of that coset.

If His finite, all cosets have cardinality | H].
There are equal number of left and right cosets in group G.

Group Theory Classification

Groupoid | Semigroup Monoid Group Abelian
Closure closure + closure + closure + Group +
Associative Associative + | Associative + Commutative
Identity Identity + Inverse
Example: Example: Example: Example: Example:
(N, +, *) (N, +, %) (N, *) Non-singular ({0,1,2,3}, +,)
(Z+,—,%) | @+ %) (Z, +, %) matrices closed | (Z, +)
R+-) | (R+) ({0, 13, %) under ' (R.+)
(R—{0}, =, /)| (R—{0}, *) ({a, b}, +) (multiplication) (R—{0}, *)
(Q +)
[~ and = are (Q—{0}, *)
always not {1, -1, i, =i}, %)
associative] {1, o, 0%, *)
(€1, =ik, )
N Ot .

e O(G)<5isalways “Abelian group”.

e Order of a group is equal to the number of elements in the group

e Every order of group is prime, is cyclic group and every cyclic
group is Abelian group.

e ({0,1,2,...., m-1}, +_ ) Addition modulo is Abelian group.
e IfGisafinite group, and ge G, then g!€! = e, and | g divides | G|.
e ({(1,2,3,....,9-1}, xq) Multiplication modulo is Abelian group.

e |f O(G) = 2n, then there exist atleast one element other than identity
element which is “Self Invertible”.
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e Setofall non-singular matrices is a group under matrix multiplication,

but not abelian.

e a®_ b= r(a+b) ; Identity e =0
m
b .
* a®,b= r(a; ) ; Identity e = 1
e Order of an element O(a) = nand O(a) = O(a™') where ae G and
a'=e.
Example:
(1,-1,i,-i} > e=1
(12 =1=e= O-1)=2and
(iY'=1=e=0>i)=4
LATTICE THEORY
e First (Least) Element: Let A be an ordered set, the element ‘a’ in ‘A’ is
first element of A if for every element ‘'x’ in A, a< x.
o Last (Greatest) Element: Let A be an ordered set. The element ‘b’ in
‘A is last element of A if for every element ‘x’ in A, x< b.
Example:
1. LetN be the set of natural numbers, then first element of N= 1 and
there is no last element.
2. Let ‘A be any set and let P(A) be the power set of A. Then first
element of P(A) = ¢ and last element of P(A) = A
e Minimal Element: Elements which do not have predecessors.
e Maximal Element: Elements which do not have successors.
Nt ..
e Many minimals and maximals may exist.
e |Least Element: ‘a is a least element of poset P; if a< x; VxeP.
e (Greatest Element: ‘b’ is a greatest element of P; if x< b; VxeP.
e Lower Bound: Let A ¢ P. Element a is a lower bound of A, if aeP

and a<x,VxeA.
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Upper Bound: Let A c P. Element b is an upper bound of A, if be P
andx< b, vVxeA.

Greatest Lower Bound [Infimum)]: 'y is infimum of A, if y is a lower
bound of ‘A’ and if ‘7' is any other lower bound of Athen z< y, Vze P .

Least Upper Bound [Supremum]: ‘x’ is supremum of A, if x is an
upper bound of ‘A’ and if ‘Z is any other upper bound, then x<z, vVze P .

e |f only one minimal exist then it is always “least”
e |f only one maximal exist then it is always “greatest”
e |Immediate successors of lower bound are called “atoms”

Example: Consider the following hasse diagram for a poset P.
GivenP={a b, c, d e f.LetS={b, c, dfand ScP.

f e

Then
Lower bound of S= b, a
Upper boundofS=¢, f
Infimum = b
No supremum element exist.
Minimal = a
Maximal = e, f a
Least=a
No greatest element exist.

Lattice

Let (P, <) is a poset, in which for every two elements there exist infimum
or greatest lower bound or meet (A) and supremum or least upper bound
or Join (v) then such poset is called a “lattice”.

OR

Let ‘L’ be a non-empty set closed under two binary operations called
meet (A) and join (v), then ‘L’ is a “lattice” if for any element a, band ¢
of ‘L’ the following axioms hold.

1. Commutative Laws:
(i) anb=bnra
(i) avb=bva
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2. Associative Laws:
(i) (anb)ac=an(bnac)
(i) (avb)vc=av(bvo)
3. Absorption Laws:
(i) an(avb)=a
(i) av(aanb)=a
e Following hasse diagrams are “lattices”.

(a) (b) (c) (d) (e) (f)

N OO

e Every chainis a lattice (i.e., linearly ordered set is a lattice).

o Let'L’bealattice,thenanb=aiffavb=b.
e xay=infimum (x, y) and x v y = supremum (x, y).
* |nlattice every 2-element subset has infimum and supremum.

Types of Lattices

Bounded Lattice
If there exist lower bound (1) and upper bound (u) for a lattice, such
lattice is called “Bounded Lattice” i.e., if le Land ue Lthen IS x<u, Vx e[ .
e (L < A, v)and (P(S), ¢, m, v) are bounded lattices.
e (N, £ Min, Max) and (N, /, gcd, Icm) are not bounded.
e Every finite lattice is “bounded lattice”.
Complemented Lattice
In a bounded lattice, if there exist atleast one complement for every
element then such a bounded lattice is “complemented lattice”.
e |f x v y=upper bound and x A y = lower bound, then x and y are
complements to each other.
e Every element of complemented lattice can contain one or more
complements.
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Distributive Lattice
A distributive lattice ‘L’ satisfies :
() an(bac)=(anb)v(anc)

}V abcel
(i) av(bac)=(avb)a(avc)

e Adistributive lattice is a bounded lattice where every element has unique
complement.

e Alattice with less than 5-elements is always ‘distributive’.

., l , [ ' t and 0 are distributive lattices

e Alattice 'L’ is non-distributive iff it contains a sublattice isomorphic to
the following lattices:

Q and <D [Non-distributive Lattice]

e The following lattices are non-distributive.

and are non-distributive lattices
(Isomorphic to above lattice)

Modular Lattice

A modular lattice ‘L’ satisfies:av(bac)=(avb)ac;, Vabcel
and a<c.

Sublattice

A lattice ‘L’ is called “sublattice”, if under same meet (A) and same
join (v)

Example: (D,,, /, gcd, Icm) is sublattice
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Dual Order

(P, <) is poset then (P, >) is also a poset, such poset is called “dual
order”.

Dual Lattice
If (L, <, A, v)is a lattice, (L, >, v, A) is also a lattice, such lattice is
called “Dual Lattice”.

Complete Lattice

A lattice ‘L’ is said to be complete if every subset of ‘L’ has infimum and
supremumin L.

Lexicographical Order (Dictionary Order)

Let A, and A, be partial ordered sets, the lexicographical ordering (<)
on A, x A, is defined as:

1. (a,, a,) < (by, b,); either “if a, < b," or “both a, = b, and a, < b,".
OR
2. (a,, a,) <(b,, b,); either “if a, < b,” or “both a, = b, and a, < b,".

Well-ordered Set

An ordered set ‘A’ is well-ordered if every subset of ‘A’ contains “first
element” (least element).

e “Finite Linearly Ordered Set” is well-ordered.
e Every well-ordered set must be linearly ordered (chain).

Boolean Algebra (B, <, A, V)
e [falattice is complemented and distributive, it is boolean algebra.
Example: (P(S), c, N, V)
e |et'‘B beabooleanalgebra. Then‘B'is a partially ordered set, where a
< bis defined by av b= b.
(1,1,1)

(1,1,0) ) 0.1,1) (1,0)

} ' (0,0,1) (0, 1)

(0,0,0)

Boolean algebra Not boolean algebra
(complemented & distributive) (not complemented)

(1,0,0)
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Boolean algebra satisfies: “Lattice [Poset, meet, join], Bounded [lower,
upper], distributed and complemented lattices”.
Let Bbe afinite boolean algebra having n-atoms. Then Bhas 2" elements
and “every non-zero element of Bis the sum of unique set of atoms”.
Example: Bis boolean algebra with less than 100 elements, then Bcan
have 21, 22, 23 24 25 or 28 elements.
Let a, b, c be any elements in a boolean algebra ‘B (B, +, *,’, 0, 1)
1. Commutative Laws:
a+b=b+a
as*b=b+*a
2. Distributive Laws:
a+(bxc)=(a+b)*(a+c)
ax*(b+c)=(a*b)+(a*c)
3. lIdentity Laws:
a+0=a
a*l1=a
4. Complement Laws:
a+a=1
a*a =0
5. idempotent Laws:
at+a=a
ax*a=a
6. Boundedness Laws:
a+1=1
ax*x0=0
7. Absorption Laws:
a+(axb)=a
ax*(a+b)=a
8. Associative Laws:
(a+b)+c=a+(b+0)
(axb)xc=ax(b*c)
9. Involution Law [(a") = a]:
0" =1 N
Y20 = (0)Y=0
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